Abstract. A ring R is said to be coprimely packed if whenever I is an ideal of R and S is a set of maximal ideals of R with I ⊆ {M ∈ S}, then I ⊆ M for some M ∈ S. Let R be a ring and R X be the localization of R[X] at its set of monic polynomials. We prove that if R is a Noetherian normal domain, then the ring R X is coprimely packed if and only if R is a Dedekind domain with torsion ideal class group. Moreover, this is also equivalent to the condition that each proper prime ideal of R[X] is a set theoretic complete intersection. A similar result is also proved when R is either a Noetherian arithmetical ring or a Bézout domain of dimension one.
Introduction
Let R be a commutative ring with identity and R[X] be the polynomial ring over R. The author in [3] raised the question of which rings R have the property that the polynomial ring R[X] is coprimely packed and showed that for R Noetherian and Hilbert, R[X] is coprimely packed if and only if R is Artinian. In [5] it is shown that if R is Noetherian and R[X] is coprimely packed, then R is semilocal and is of Krull dimension at most one. In [9] it is proved that for a Noetherian ring R, R[X] is coprimely packed if and only if R is semilocal and (R M )/ nil(R M ) is seminormal for each maximal ideal M of R such that R/M has characteristic zero. Here we continue our study of coprime packedness of polynomial rings and characterize them in terms of class group and set theoretic complete intersection of prime ideals. Denoting the localization of R [X] at its set of monic polynomials by R X , our objective is to prove the following two results:
(1) Over a Noetherian normal domain R the following statements are equivalent.
(a) R X is coprimely packed. 
] is coprimely packed. However, R X is not coprimely packed. This is because by [1] , R X is a Noetherian Hilbert ring of dimension two, and by Proposition 1 of [3] , a coprimely packed Noetherian Hilbert ring is of dimension at most one. Also, if R is coprimely packed, then so is R(X), where R(X) is the localization of R[X] at the set of polynomials with unit content. However, the coprime packedness of R(X) does not imply the same for R, even if R is a Dedekind domain [4] .
Coprime packedness when the base ring is Noetherian
The equivalence of the statements in the following definition is proved in Lemma 2 of [5] .
Definition.
A ring R is said to be coprimely packed if it satisfies one of the following equivalent conditions.
(i) If I is an ideal in R, and if S is a set of prime ideals in R with I ⊆ {P ∈ S}, then I + P = R for some P ∈ S. (ii) If I is an ideal in R, and if S is a set of maximal ideals in R with I ⊆ {M ∈ S}, then I ⊆ M for some M ∈ S. (iii) If I is an ideal in R, then I ⊂ {M |M is a maximal ideal with I ⊂ M }. (iv) If P is a prime ideal in R, and if S is a set of maximal ideals in R, with P ⊆ {M ∈ S}, then P ⊆ M for some M ∈ S. (v) For each prime ideal P of R, there is an element b ∈ P with j − rad Rb = j − rad P , where the j-radical of an ideal I of R is the intersection of all maximal ideals that contain I.
Proof. Since R is Noetherian, R X is a Hilbert ring [1] . That is, R X is a coprimely packed Noetherian Hilbert ring and hence by Proposition 1 of [3] , it is of dimension at most one. Now by [8, Corollary 2.2], we have dim R = dim R X , and so R is of dimension at most one. If R is zero dimensional, then it is a field, and hence is coprimely packed. So suppose that R is of dimension one, and let M be any non-zero prime ideal of R. Then MR X is a maximal ideal of R X and since R X is coprimely packed, it follows from (v) of our definition that MR X = rad(f R X ) for some polynomial f in R [X] . (Note that here we have rad(I) = j − rad(I) for any nonzero ideal I in R or in R X .) Let b be any element of M , and let a be the leading coefficient of f , and observe that a is in M . Then b ∈ MR X , and hence there is a positive integer n such that Proof. In light of Proposition 1.1, we only need to prove the if part. If R is of dimension zero, then both R and R X are fields, and hence R X is coprimely packed. So assume that R is of dimension one. Then both R and R X are Dedekind domains. Let N * be any maximal ideal of R X . Then N * is the extension of a prime ideal
is a consequence of the fact that R is normal), a contradiction to the fact that Q * survives in R X . Since R is coprimely packed by [2, Theorem 1.2], there is an element a in Q such that Ra = Q n , for some positive integer n. But then it is clear that N * n = (QR X ) n = R X a. We now consider the case when Q = Q * ∩ R = 0 in R. 
, it follows that h is not contained in any other prime P * with P * ∩ R = 0. Thus Q * is the only height one prime ideal of R[X] containing h. Hence N * = Q * R X is the only maximal ideal in R X containing hR X . But then N * n = hR X for some positive integer n, proving that R X is coprimely packed.
Coprime packedness and set theoretic complete intersections
Recall that an ideal I of a ring R is a complete intersection if ht(I) = µ(I), where ht(I) is the height of I, the infimum of the heights of prime divisors of I and µ(I) is the minimum number of generators of I. The ideal I is said to be a set theoretic complete intersection if rad(I) = rad (a 1 , a 2 , . . . , a n ) where n = ht(I).
Theorem 2.1. For a Noetherian normal domain R, the following statements are equivalent. (a) R X is coprimely packed. (b) R X is a Dedekind domain with torsion ideal class group. (c) R is a Dedekind domain with torsion ideal class group. (d) R is of dimension one, and each proper prime ideal of R[X] is a set theoretic complete intersection.
Proof. Proof. (a) ⇒ (b). We first note that a Noetherian arithmetical ring R is of the form n i=1 R i where each factor R i is either a Dedekind domain or an Artin principal ideal ring. Since R is coprimely packed, it follows that each factor R i is coprimely packed. Hence in case R i is a Dedekind domain, by Theorem 2.1, R i X is coprimely packed. If, on the other hand, R i is an Artin principal ideal ring, then R i X is a zero-dimensional Noetherian ring and hence is semi local and therefore is coprimely packed. Thus each prime ideal in R i X (1 ≤ i ≤ n) is the radical of a principal ideal. But then the same is true for each prime ideal of
R X is coprimely packed, then each factor R i X is coprimely packed. Hence if R i is a Dedekind domain, then by Theorem 2.1, R i is coprimely packed. But if R i is Artinian, then it is coprimely packed. Hence using the above argument we see that 
, where K is the field of fractions of R and g is a polynomial in Q * . Since R is Bézout, the content ideal A g of g in R is principal. Hence using the proof of Theorem 1.2, we see that there is a polynomial h in Q * that is a factor of g with A h = R and Q * = rad(h). But then it follows that N * = Q * R X = rad(hR X ). Therefore R X is coprimely packed. 
